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Motivation : problems with interfaces
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Microstructure

Solidification
Two phases can be identified

Interface is complex and evolves

Fracture Membranes
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Phase-field Modeling Basics 

Continuous on the domain
Avoid interface tracking

sharp interface

the phase-field model produces solutions with the profile �(x) = tanh
h
d(x)p
2✏

i
, where d(x) is the

distance to the interface. Resolving this profile requires a very fine discretization for small values
of ✏, but this high resolution is only required in the vicinity of the interface. Away from it, the
phase-field is nearly constant. Hence, this problem naturally calls for adaptivity. Furthermore,
a numerical method for the phase-field model needs to address the second-order derivatives in
the energy and area functionals.

Traditional numerical methodologies like finite di↵erence [23, 44] and spectral methods [43]
have been used for phase-field models of biomembranes. Recently, isogeometric analysis [46], a
Galerkin method based on tensor products of 1D NURBS approximants, has shown an excellent
performance for the Cahn-Hilliard equation, handling successfully the sharp transitions of the
solutions without spurious overshoots [47, 48]. Although these structured methods can handle
higher-order operators, they have di�culties in adapting to localized features. C0 finite element
approaches can deal with the high-order character of the functional by reformulating the model
as a system of second-order PDE [49] and are well suited for adaptivity [50], but su↵er from poor
accuracy for a given computational cost. A number of adaptive techniques have been developed
for the Cahn-Hilliard model, including an adaptive multigrid finite-di↵erence method [51, 52],
a Fourier spectral moving-mesh method [53], an adaptive FEM with linear [45, 54, 55] and
quadratic [56] shape functions after recasting the higher-order phase-field as a system of lower-
order equations, and a finite volume approach for unstructured grids [57]. Adaptive methods
based on finite di↵erences [58, 59], Fourier spectral [60], or finite volumes [61, 62] have been
proposed for other higher-order phase-field equations.

Here, we propose a Ritz-Galerkin method based on the local maximum-entropy meshfree
approximants [26]. These meshfree approximants are:

• C1, and therefore handle without di�culties the high-order character of the functionals,

• non-negative, and therefore possess monotonicity properties, as B-Splines and NURBS
successfully applied to Cahn-Hilliard models [47],

• ideally suited for local refinement and dynamic adaptivity, as the basis functions rely only
on the vicinity of neighboring nodes, instead of a mesh.

3. Ritz-Galerkin approximation of the functionals with maximum-entropy schemes

We describe here the numerical approximation of the variational problem to obtain equilib-
rium axisymmetric configurations for biomembranes. To fix the rigid body displacements of the
membrane along the axis of symmetry, we need to supplement the P-F model given above with
the constraint

M [�] =

Z

⌦
� (z � z

c

) d⌦ = 0,

where z
c

allows us to center the phase-field solution in the simulation box.
We discretize the equations with local maximum-entropy approximation schemes. These

meshfree approximants are non-negative and satisfy up to first-order consistency conditions.
They have been shown to accurately approximate fourth-order PDE, such as the Kirchho↵-Love
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Phase-field and Geometry

Volume

Area

Curvature

Journal Name

On the role of surface tension in the surfactant-driven
fracture of closely-packed particulate monolayers†

Christian Peco,⇤a Yingjie Liu,b‡ Wei Chen a, Mahesh Bandi, John E. Dolbow, and Eliot
Fried

A continuum-based model is used to capture the surfactant-driven formation of fracture patterns
in particulate monolayers. The model is intended for the regime of closely-packed systems in
which the mechanical response of the monolayer can be approximated as a linear elastic solid.
The model approximates the loss in tensile strength to the monolayer as the surfactant concen-
tration increases through the evolution of a damage field. The governing equations are recast in a
variational form and the displacement and surfactant damage fields are discretized with finite ele-
ments. A comparison between model-based simulations and existing experimental observations
indicates a qualitative match in both the fracture patterns and temporal scaling of the fracture pro-
cess. The importance of surface tension differences is quantified by means of a dimensionless
parameter, revealing thresholds that separate different regimes of fracture. These findings are
supported by newly designed experiments that validate the model and demonstrate the strong
sensitivity of the fracture pattern to differences in surface tension.

1 Introduction
Z

W
f dW (1)

Z

W


e|—f |2 +

1
e

Y(f)

�
dW (2)

eDf +
1
e

Y(f) (3)

W ∂W G f(x) = 0 f(x) (4)

When a densely packed monolayer of hydrophobic particles is
placed on a liquid surface, the particles interact through the cap-
illary bridges that form, leading to the formation of a “particle
raft". The macroscopic properties of these rafts reflect an inter-
play between fluid and solid mechanics? ? ? , giving rise to novel
physics. This interplay is relevant to a wide range of applications,
from the synthesis of “liquid marbles"? to the design of drug de-

a Address, Address, Town, Country. Fax: XX XXXX XXXX; Tel: XX XXXX XXXX; E-mail:
xxxx@aaa.bbb.ccc
b Address, Address, Town, Country.
† Electronic Supplementary Information (ESI) available: [details of any supplemen-
tary information available should be included here]. See DOI: 10.1039/b000000x/
‡ Additional footnotes to the title and authors can be included e.g. ‘Present address:’
or ‘These authors contributed equally to this work’ as above using the symbols: ‡, §,
and ¶. Please place the appropriate symbol next to the author’s name and include a
\footnotetext entry in the the correct place in the list.

livery systems? to the stabilization of drops? .

The interest in particle rafts has driven researchers to inves-
tigate their mechanical properties? ? . These studies found that
monolayers with a high concentration of particles exhibit a two-
dimensional linear elastic solid behavior, and that the mechanical
properties of the monolayer depend proportionally on the liquid
layer’s surface tension. This realization led experimentalists to
further study particle rafts by forcing surface tension changes on
the raft by means of a surfactant. The introduction of a controlled
quantity of surfactant generates a surface tension gradient, pro-
ducing Marangoni forces? and causing the surfactant to spread,
fracturing the monolayer. Studies of surfactant-induced fracture
have examined the role of viscosity and the initial packing frac-
tion on the evolution of the cracks in closely and loosely-packed
systems, respectively? ? . Surprisingly, the potentially important
role of differences in surface tension between the surfactant and
the underlying liquid has not been explored. The magnitude of
this difference is interesting because it determines the Marangoni
force exerted on the particulate monolayer and it is the main driv-
ing force for the fracture process. Modulating the surface tension
difference also provides a means to probe mechanical properties
that are difficult to measure directly, such as the critical stress
to failure. Finally, the surface tension difference can easily be
controlled in the laboratory by modifying the composition of the
surfactant or the underlying liquid.
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role of differences in surface tension between the surfactant and
the underlying liquid has not been explored. The magnitude of
this difference is interesting because it determines the Marangoni
force exerted on the particulate monolayer and it is the main driv-
ing force for the fracture process. Modulating the surface tension
difference also provides a means to probe mechanical properties
that are difficult to measure directly, such as the critical stress
to failure. Finally, the surface tension difference can easily be
controlled in the laboratory by modifying the composition of the
surfactant or the underlying liquid.
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When a densely packed monolayer of hydrophobic particles is
placed on a liquid surface, the particles interact through the cap-
illary bridges that form, leading to the formation of a “particle
raft". The macroscopic properties of these rafts reflect an inter-
play between fluid and solid mechanics? ? ? , giving rise to novel
physics. This interplay is relevant to a wide range of applications,
from the synthesis of “liquid marbles"? to the design of drug de-
livery systems? to the stabilization of drops? .

The interest in particle rafts has driven researchers to inves-
tigate their mechanical properties? ? . These studies found that
monolayers with a high concentration of particles exhibit a two-
dimensional linear elastic solid behavior, and that the mechanical
properties of the monolayer depend proportionally on the liquid
layer’s surface tension. This realization led experimentalists to
further study particle rafts by forcing surface tension changes on
the raft by means of a surfactant. The introduction of a controlled
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When a densely packed monolayer of hydrophobic particles is
placed on a liquid surface, the particles interact through the cap-
illary bridges that form, leading to the formation of a “particle
raft". The macroscopic properties of these rafts reflect an inter-
play between fluid and solid mechanics? ? ? , giving rise to novel
physics. This interplay is relevant to a wide range of applications,
from the synthesis of “liquid marbles"? to the design of drug de-
livery systems? to the stabilization of drops? .

The interest in particle rafts has driven researchers to inves-
tigate their mechanical properties? ? . These studies found that
monolayers with a high concentration of particles exhibit a two-
dimensional linear elastic solid behavior, and that the mechanical
properties of the monolayer depend proportionally on the liquid
layer’s surface tension. This realization led experimentalists to
further study particle rafts by forcing surface tension changes on
the raft by means of a surfactant. The introduction of a controlled
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When a densely packed monolayer of hydrophobic particles is
placed on a liquid surface, the particles interact through the cap-
illary bridges that form, leading to the formation of a “particle
raft". The macroscopic properties of these rafts reflect an inter-
play between fluid and solid mechanics? ? ? , giving rise to novel
physics. This interplay is relevant to a wide range of applications,
from the synthesis of “liquid marbles"? to the design of drug de-
livery systems? to the stabilization of drops? .

The interest in particle rafts has driven researchers to inves-
tigate their mechanical properties? ? . These studies found that
monolayers with a high concentration of particles exhibit a two-
dimensional linear elastic solid behavior, and that the mechanical
properties of the monolayer depend proportionally on the liquid
layer’s surface tension. This realization led experimentalists to
further study particle rafts by forcing surface tension changes on
the raft by means of a surfactant. The introduction of a controlled
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When a densely packed monolayer of hydrophobic particles is
placed on a liquid surface, the particles interact through the cap-
illary bridges that form, leading to the formation of a “particle
raft". The macroscopic properties of these rafts reflect an inter-
play between fluid and solid mechanics? ? ? , giving rise to novel
physics. This interplay is relevant to a wide range of applications,
from the synthesis of “liquid marbles"? to the design of drug de-
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When a densely packed monolayer of hydrophobic particles is
placed on a liquid surface, the particles interact through the cap-
illary bridges that form, leading to the formation of a “particle
raft". The macroscopic properties of these rafts reflect an inter-
play between fluid and solid mechanics? ? ? , giving rise to novel
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When a densely packed monolayer of hydrophobic particles is
placed on a liquid surface, the particles interact through the cap-
illary bridges that form, leading to the formation of a “particle
raft". The macroscopic properties of these rafts reflect an inter-
play between fluid and solid mechanics? ? ? , giving rise to novel
physics. This interplay is relevant to a wide range of applications,
from the synthesis of “liquid marbles"? to the design of drug de-
livery systems? to the stabilization of drops? .

The interest in particle rafts has driven researchers to inves-
tigate their mechanical properties? ? . These studies found that
monolayers with a high concentration of particles exhibit a two-
dimensional linear elastic solid behavior, and that the mechanical
properties of the monolayer depend proportionally on the liquid
layer’s surface tension. This realization led experimentalists to
further study particle rafts by forcing surface tension changes on
the raft by means of a surfactant. The introduction of a controlled
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When a densely packed monolayer of hydrophobic particles is
placed on a liquid surface, the particles interact through the cap-
illary bridges that form, leading to the formation of a “particle
raft". The macroscopic properties of these rafts reflect an inter-
play between fluid and solid mechanics? ? ? , giving rise to novel
physics. This interplay is relevant to a wide range of applications,
from the synthesis of “liquid marbles"? to the design of drug de-
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livery systems? to the stabilization of drops? .

The interest in particle rafts has driven researchers to inves-
tigate their mechanical properties? ? . These studies found that
monolayers with a high concentration of particles exhibit a two-
dimensional linear elastic solid behavior, and that the mechanical
properties of the monolayer depend proportionally on the liquid
layer’s surface tension. This realization led experimentalists to
further study particle rafts by forcing surface tension changes on
the raft by means of a surfactant. The introduction of a controlled
quantity of surfactant generates a surface tension gradient, pro-
ducing Marangoni forces? and causing the surfactant to spread,
fracturing the monolayer. Studies of surfactant-induced fracture
have examined the role of viscosity and the initial packing frac-
tion on the evolution of the cracks in closely and loosely-packed
systems, respectively? ? . Surprisingly, the potentially important
role of differences in surface tension between the surfactant and
the underlying liquid has not been explored. The magnitude of
this difference is interesting because it determines the Marangoni
force exerted on the particulate monolayer and it is the main driv-
ing force for the fracture process. Modulating the surface tension
difference also provides a means to probe mechanical properties
that are difficult to measure directly, such as the critical stress
to failure. Finally, the surface tension difference can easily be
controlled in the laboratory by modifying the composition of the
surfactant or the underlying liquid.
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When a densely packed monolayer of hydrophobic particles is
placed on a liquid surface, the particles interact through the cap-
illary bridges that form, leading to the formation of a “particle
raft". The macroscopic properties of these rafts reflect an inter-
play between fluid and solid mechanics? ? ? , giving rise to novel
physics. This interplay is relevant to a wide range of applications,
from the synthesis of “liquid marbles"? to the design of drug de-
livery systems? to the stabilization of drops? .

The interest in particle rafts has driven researchers to inves-
tigate their mechanical properties? ? . These studies found that
monolayers with a high concentration of particles exhibit a two-
dimensional linear elastic solid behavior, and that the mechanical
properties of the monolayer depend proportionally on the liquid
layer’s surface tension. This realization led experimentalists to
further study particle rafts by forcing surface tension changes on
the raft by means of a surfactant. The introduction of a controlled
quantity of surfactant generates a surface tension gradient, pro-
ducing Marangoni forces? and causing the surfactant to spread,
fracturing the monolayer. Studies of surfactant-induced fracture
have examined the role of viscosity and the initial packing frac-
tion on the evolution of the cracks in closely and loosely-packed
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When a densely packed monolayer of hydrophobic particles is
placed on a liquid surface, the particles interact through the cap-
illary bridges that form, leading to the formation of a “particle
raft". The macroscopic properties of these rafts reflect an inter-
play between fluid and solid mechanics? ? ? , giving rise to novel
physics. This interplay is relevant to a wide range of applications,
from the synthesis of “liquid marbles"? to the design of drug de-
livery systems? to the stabilization of drops? .
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dimensional linear elastic solid behavior, and that the mechanical
properties of the monolayer depend proportionally on the liquid
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further study particle rafts by forcing surface tension changes on
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Pros vs Cons

8

Sharp gradients

Dimension increase

Avoid explicit tracking of interface ✓
Can handle complex geometries and topology changes ✓
The phase-field encodes the physics ✓

Computational cost ✗
Parameter choice ✗
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Take Home Message

9

Consider phase-field models when:

1. Evolving complex interfaces
2. Multiphysics, different energy contributions 

Remember:

1. The regularization parameter is important
2. Phase-field comes with computational cost     

(most of times it will pay off)


